Table of Contents

Introduction. . . . . ... ... ... Xiii
Chapter 1. Diffusion Phenomena and Models. . . . . ... ... ........ 1
1.1. General presentation of diffusion process . . . . .. ... ... ...... 1
1.2. General balance equations . . . . . ... ..... ... ... ........ 6
1.3. Heat conduction equation . . . . ....................... 10
1.4. Initial and boundary conditions . . . . ... ... .............. 12
Chapter 2. Probabilistic Models of Diffusion Processes. . . . . .. ... ... 17
2.1. Stochastic differentiation. . . . ... ... ... .. . L. 17
2.1.1L. Definition . . ... ... 17
212 . Examples. . . . ... 18
22 It6’sformula . . . ... oL 19
2.2.1. Stochastic differential of aproduct . . ... ... ... ... ... .. 19
2.2.2. 1t0’s formula with time dependence . . . . ... ... ......... 19
2.2.3. Interpretation of It6’s formula . . . . ... ... ... ... ..... 21
2.2.4. Other extensions of It6’s formula . . . ... .............. 21
2.3. Stochastic differential equations (SDE) . . . .. .............. 24
2.3.1. Existence and unicity general theorem (Gikhman and
Skorokhod) . . . ... ... 24
2.3.2. Solution of SDE under the canonical form. . . .. ... ....... 28
2.4.1t6 and diffusion processes. . . . . . ... ... 28
24 1. IO PIOCESSES. « o v v v o e e et e e e 28
2.4.2. Diffusion processes. . . . . . . v v v v i i i i 29
2.4.3. Kolmogorovequations. . . . ... ... ..... ... ... 31
2.5. Some particular cases of diffusion processes . . . . . ... ... ..... 32
251.Reducedform . . .. ... ... L 32

2.5.2. The OUV (Ornstein—Uhlenbeck—Vasicek) SDE. . . . ... ... .. 32



vi

Applied Diffusion Processes from Engineering to Finance

2.5.3. Solution of the SDE of Black—Scholes—Samuelson. . . . ... ...
2.6. Multidimensional diffusion processes . . . . ................
2.6.1. Multidimensional SDE. . . . . ... ... ... ... ... .....
2.6.2. Multidimensional 1t6 and diffusion processes . . . . ... ......
2.6.3. Properties of multidimensional diffusion processes. . . . . ... ..
2.6.4. Kolmogorov equations. . . . . . .. ... vv v vt
2.7. The Stroock—Varadhan martingale characterization of
diffusions (Karlinand Taylor) . . .........................
2.8. The Feynman—Kac formula (Platen and Heath) . . ... .........
2.8.1. Terminal condition . . . . ... .............. .. ......
2.8.2. Discounted payoff function. . . . .. ..................
2.8.3. Discounted payoff function and payoffrate . ... ..........

Chapter 3. Solving Partial Differential Equations of Second Order. . . . .

3.1. Basic definitions on PDE of second order. . . . . ... ..........
311 Notation . . ...
3.1.2. Characteristics. . . . . . . o oot
3.1.3. Canonical formof PDE . . . .. ... ... ... ... . . ... ..

3.2. Solving the heat equation. . . . . .. ....... .. .............
3.2.1. Separation of variables. . . . .. ... ... ...............
3.2.2. Separation of variables in the rectangular Cartesian coordinates . .
3.2.3. Orthogonality of functions . . . . .. ..................
324 Fourier series . . . . . . ...ttt
3.2.5. Sturm-Liouville problem . . . . ... ... ... .. ... ... ..
3.2.6. One-dimensional homogeneous problem in a finite medium . . . .

3.3. Solution by the method of Laplace transform. . . . . ... ... ... ..
3.3.1. Definition of the Laplace transform . . . . . ... ... ... .....
3.3.2. Properties of the Laplace transform . . . . . ... ...........

34.Green’sfunctions . . . ... ...
3.4.1. Green’s function as auxiliary problem to solve
diffusiveproblems . . . . .. ... ...
3.4.2. Analysis for determination of Green’s function . . . . .. ... ...

Chapter 4. Problems in Finance . . . . . . ... ... ... ............

4.1. Basic stochastic models for stock prices. . . . ... ... . ... ... ..
4.1.1. The Black, Scholes and Samuelsonmodel . . . . .. ... ......
4.1.2. BSS model with deterministic variationof pando. . . . . ... ..

4.2.Thebondinvestments. . . . . . ... ... ... ... ... ........
42 1. Introduction . . . ... ...
422 Yieldcurve. . . ... ...
4.2.3. Yield to maturity for a financial investment and forabond . . . . .

34
36
36
36
37
38

41
42
4
43
44

47

47
47
48
50
51
54
55
57
58
59
61
65
65
67
75

76
78

85

85
85
89
90
90
91
92



Table of Contents  vii

4.3. Dynamic deterministic continuous time model for instantaneous

INETESTTALE . . . . o o o o o e e e e 93
4.3.1. Instantaneous interestrate. . . . . . . ... ... . 93
432 Particular cases . . . . . ... 94
4.3.3. Yield curve associated with instantaneous interest rate . . . . . .. 94
4.3.4. Examples of theoreticalmodels . . ... ................ 95

4.4. Stochastic continuous time dynamic model for instantaneous

INEETESTTALE. . . . o o v o o e e e e e 98
4.4.1. The OUV stochasticmodel . . . .. ........... ... ...... 99
442 The CIRmodel (1985). . . ... ... .. . ... . ... 105

4.5. Multidimensional Black and Scholes model . . ... ... ........ 110

Chapter S. Basic PDE in Finance. . . . . . ... ... ... ... . ..... 111

5.1. Introduction to option theory . . .. ... ........ ... ....... 111

5.2. Pricing the plain vanilla call with the Black—Scholes—Samuelson

model . . . ... 115
5.2.1. The PDE of Black and Scholes. . . . .. ... ............. 115
5.2.2. The resolution of the PDE of Black and Scholes without
dividend repartition . . ... ... .. ... ... ... 118

5.3. Pricing no plain vanilla calls with the Black-Scholes-Samuelson

model . . . . . 120
5.3.1. The Girsanovtheorem . . . . . . .. ... .. ... ........... 121
5.3.2. Application to the Black—Scholes—Samuelson model. . . . . . . .. 122

5.4. Zero-coupon pricing under the assumption of no arbitrage. . . . . . . . 127
5.4.1. Stochastic dynamics of zero coupons . . . . . . ... ... ... ... 127
5.4.2. Application of the no arbitrage principle and risk premium. . . . . 130
5.4.3. Partial differential equation for the structure of zero coupons. . . . 131
5.4.4. Values of zero coupons without arbitrage opportunity
forparticularcases . . . . .. ... ... 134
5.4.5.Valueofacallonzerocoupon . . . ... ................ 141
5.4.6. Option on bond with coupons. . . . . ... ............... 142
5.4.7. Anumerical example. . . . . ... ... 144

Chapter 6. Exotic and American Options Pricing Theory . . . . . . . .. .. 145

6.1. Introduction. . . . . .. .. L 145

6.2. The Garman—Kohlhagen formula. . . . . .. ........ ... ..... 146

6.3. Binary or digital options . . . . . ... ... ... 149
6.3.1. Definition . . .. ... ... ... 149
6.3.2. Pricing of a call cashornothing . . . ... ............... 149
6.3.3. Case of the put cash ornothing. . . . ... ............... 150

6.4. “Asset or nothing” options . . . . . ........... ... . ....... 150

6.4.1. Definition . . . .. ... . ... 150



viii  Applied Diffusion Processes from Engineering to Finance

6.4.2. Pricing a call asset or nothing. . . . ... ................
6.4.3. Premium of the put asset ornothing. . . . .. .............
6.5. Numerical examples. . . . ... ...... .. ... .. ... ...
6.6. Path-dependentoptions. . . . . ............... ... ......
6.6.1. Thebarrier options . . . . . . .. ... ...
6.6.2. Lookback options. . . . .. ......... .. ... ...
6.6.3. Asiatic (or average) Options. . . . . . . . o v i it
6.7. Multi-asset Options . . . . . . . ...
6.7.1.Definitions. . . . ... ... .
6.7.2. The multi-dimensional Black and Scholes equation . ... ... ..
6.7.3. Outperformance or Margrabe option . . . . ..............
6.7.4. Otherrelated typeoptions. . . . . ....................
6.7.5.Generalcase. . . .. ... ..
6.8. AmMerican Options . . . . . . .o e
6.8.1. Early exercise in case of no dividend repartition . . ... ... ...
6.8.2. Early exercise in case of dividend repartition . . . . ... ... ...
6.8.3. The formula of Barone-Adesi and Whaley (BAW):
approximated formula for American options . . . ... ...........
6.8.4. Discretization and simulation. . . . .. ... ... ... ..., ..

Chapter 7. Hitting Times for Diffusion Processes and Stochastic
Models in Insurance. . . . .. .......... ... . . . . . . . . . ...

7.1. Hitting or first passage times for some diffusion processes. . . . . . . .
7.1.1.Firstdefinitions . . . . . ... ... ... ..
7.1.2. Distribution of hitting times for the non-standard
Brownianmotion. . . . ... . ...
7.1.3. The Gaussian inverse (or normal inverse) distribution . . . . . . ..
7.1.4. Other absorption problems for Brownian motion . . . . . . ... ..
7.1.5. Other absorption problems for non-standard Brownian
PIOCESSES. « o v o o e e et e e e e e e
7.1.6. Results with probabilistic reasoning. . . . . ... ... ........

7.2. Merton’s model for defaultrisk. . . . ... ........ ... .. .. ..
7.2.1. Introduction . . . .. ...
7.22.Merton’smodel . . ... ...
7.2.3. The Longstaff and Schwartzmodel . . . . . ... ...........

7.3. Risk diffusion models for insurance . . . . ... ..............
73.1. Introduction . . . ... ..
7.3.2. The diffusion process (Cox and Miller, Gerber). . . . ... ... ..
7.3.3. First ALM model (ALMI) (Janssen) . . ................
7.3.4. Second ALM model (ALM II) (Janssen) . . . ... ..........



Table of Contents  ix

Chapter 8. Numerical Methods. . . . . . ... ................... 219
8.1.Introduction. . . . . .. ... 219
8.2. Discretization and numerical differentiation . . . ... .......... 220
8.3. Finite difference methods . . . ... ....... ... ... ....... 222

Chapter 9. Advanced Topics in Engineering: Nonlinear Models. . . . . . . 231
9.1. Nonlinear model in heat conduction . . . .. ................ 232
9.2. Integral method applied to diffusive problems . . . . ... ........ 233
9.3. Integral method applied to nonlinear problems. . . . ... ........ 239
9.4. Use of transformations in nonlinear problems . . ... .......... 243

9.4.1. Kirchhoff transformation . . . . . .................... 243
9.4.2. Similarity methods . . . .. ......... .. ...... ... ..... 246

Chapter 10. Lévy Processes . . . . . .. ........ . ....... .. ..... 255
10.1. Motivation. . . . .. ..o 255
10.2. Notion of characteristic functions . . . . .. ................ 257
103 LEVY PrOCESSES .« « & v v v o e e e e e e e e e e 257
10.4. Lévy—Khintchine formula . . . ... ... ... ... .. .. ..., 259
10.5. Examples of Lévy processes . . . . . . . . v oo vttt 261
10.6. Variance gamma (VG) process . . . . . . . oo vt vt v v v oo e o .. 264
10.7. The Brownian—Poisson model with jumps. . . . ... ... ....... 266

10.7.1. Mixed arithmetic Brownian—Poisson and geometric

Brownian—Poisson processes. . . . . . ... i e 266

10.7.2. Merton model with jumps . . . . .. .................. 269

10.7.3. Stochastic differential equation (SDE) for mixed arithmetic

Brownian-Poisson and geometric Brownian—Poisson processes . . . . . . 271

10.7.4. Value of a European call for the lognormal Merton model. . . . . 274
10.8. Risk neutral measures for Lévy models in finance . . . . ... ... .. 275
10.9. Conclusion . . . ... ... ... 276

Chapter 11. Advanced Topics in Insurance: Copula Models and

VaR Techniques . . . .. .. ... ... . ... . ... ... .. 277
11.1. Introduction. . . . . .. ... .. ... 277
11.2. Sklar theorem (1959) . . . . .. ... ... . . .. ... . ... 279
11.3. Particular cases and Fréchetbounds . ... ................ 280

11.3.1. Particularcases . . .. ... ... ... 280
11.3.2. Fréchetbounds. . . . .. ....... ... ... . ... . ....... 281
11.3.3. Examplesof copula. . . .. ............. ... ........ 281
11.3.4. Thenormalcopula . . . ... .. ... .. ...... .. ........ 285
11.3.5. Estimationof copula . . . . ... .................... 287

11.4. Dependence. . . . ... .. oottt 288



X  Applied Diffusion Processes from Engineering to Finance

11.4.1. Conditional probabilities. . . .. ... .................
11.4.2. The correlation coefficient z of Kendall . .. ... ... ......
11.5. Applications in finance: pricing of the bivariate digital put
OPLION . . o o e e e e e e e
11.6. VaR application ininsurance. . . . . . .. ... ... ... ... ... ..
11.6.1. VaR of oneriskyasset . . .. ......................
11.6.2. The VaR concept in relation with Solvency IT . . . . .. ... ...

Chapter 12. Advanced Topics in Finance: Semi-Markov Models . . . . . .

12.1. Introduction. . . . . ... ...

12.2. Homogeneous semi-Markov process . . . . ... ... ..........
12.2.1. Basic definitions. . . . . .. ... ... ... .
12.2.2.Basic properties . . . . . v v v vt e e e e
12.2.3. Particularcases of MRP . . . . . . . ... ... ... L,
12.2.4. Asymptotic behaviorof SMP . . . . . . ... .. ... ........
12.2.5. Non-homogeneous semi-Markov process. . . . ... ........
12.2.6. Discrete time homogeneous and non-homogeneous
semi-Markov processes . . . . . . . oo i
12.2.7. Homogeneous semi-Markov backward processes in
discrete time. . . . . . .. ...
12.2.8. Discrete time non-homogeneous backward semi-Markov
PIOCESSES. « v v o v e e et e e e e e e

12.3. Semi-Markov optionmodel . . . ... ...... ... .. .. ... ...
123.1.General model . . . .. ....... ... ... ... . ..,
12.3.2. Particular case: semi-Markov Black—Scholes model . . . . . ...
12.3.3. Numerical application for the semi-Markov Black—Scholes

12.4.1. The normal power (NP) approximation . . . . . ... ........
12.4.2. The Cornish—Fisher approximation . ... ..............
12.4.3. VaR computation with a Pareto distribution . . . . . ... ... ..
12.4.4. VaR semi-Markovmodels. . . . . ....... ... . ...,
12.4.5. Numerical applications for the semi-Markov VaR model . . . . .
12.4.6. Semi-Markov extension of the Merton’s model . . . . . ... ...
12.5.Conclusion . . . ... ... ...

Chapter 13. Monte Carlo Semi-Markov Simulation Methods. . . . . . . ..

13.1. Presentation of our simulationmodel. . . . .. ..............
13.2. The semi-Markov Monte Carlo model in a homogeneous
ENVIFONMENE . . . . . . oottt
13.3. Acreditriskexample . . . .. ... ... ... .. ... ...
13.3.1. Discrete time homogeneous semi-Markov reliability model. . . .



Table of Contents  xi

13.3.2. A classical example of reliability for a mechanical system. . . . . 352
13.3.3. The semi-Markov reliability credit risk models . . . .. ... ... 355
13.3.4. Asimplified example. . . . . ... ... ... ... .. . ... 358

13.4. Semi-Markov Monte Carlo with initial recurrence backward
time in homogeneous Case. . . . . . v v v v it it e 362
13.5. The SMMC applied to claim reserving problem . . . . ... ...... 363
13.6. An example of claim reserving calculation . . ... ........... 366
13.6.1. Example of the merging process . . . . . ... ............ 368
Conclusion. . . . . ... ... 379
Bibliography . . . . .. ... ... 381





